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Dynamics of a particle diffusing in a confinement can be seen a sequence of bulk-diffusion-mediated
hops on the confinement surface. Here, we investigate the surface hopping propagator that describes
the position of the diffusing particle after a prescribed number of encounters with that surface. This
quantity plays the central role in diffusion-influenced reactions and determines their most common
characteristics such as the propagator, the first-passage time distribution, and the reaction rate.
We derive explicit formulas for the surface hopping propagator and related quantities for several
Euclidean domains: half-space, circular annuli, circular cylinders, and spherical shells. These results
provide the theoretical ground for studying diffusion-mediated surface phenomena. The behavior of
the surface hopping propagator is investigated for both “immortal” and “mortal” particles.
PACS numbers: 02.50.-r, 05.40.-a, 02.70.Rr, 05.10.Gg
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I. INTRODUCTION
In many natural phenomena, particles diffuse in a
confinement towards its surface where they can react,
permeate, relax their activity or be killed. Examples
include heterogeneous catalysis, permeation across cell
membranes, filtering in porous media, surface relaxation
in nuclear magnetic resonance, and animal foraging [1–9].
These phenomena are conventionally described by diffu-
sion equation (or more general Fokker-Planck equation)
with appropriate boundary conditions [10, 11]. In par-
ticular, most common properties of diffusion-influenced
reactions are derived from the propagator Gq(x, t|x0),
i.e., the probability density of the event that a particle,
started from a bulk point x0 at time 0, has not reacted
on the surface and located at a bulk point x at time t.
For normal diffusion, the propagator satisfies the diffu-
sion equation inside a confining domain Ω
∂tGq(x, t|x0) = D∆xGq(x, t|x0) (x ∈ Ω), (1)
subject to the initial condition Gq(x, t = 0|x0) = δ(x −
x0) and the Robin boundary condition on the boundary
∂Ω:
− ∂nGq(x, t|x0) = q Gq(x, t|x0) (x ∈ ∂Ω), (2)
where ∆x is the Laplace operator acting on x, δ(x) is
the Dirac distribution, and ∂n is the normal derivative
on the boundary ∂Ω oriented outwards the domain Ω.
The parameter q = κ/D is the ratio between the surface
reactivity (or permeability, or relaxivity, etc.) κ and bulk
diffusivity D. In chemical physics, the Robin boundary
condition was put forward by Collins and Kimball [12]
and later explored by many researchers [13–32] (see an
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overview in [33]). The major disadvantage of the conven-
tional description is that the surface reactivity κ (or q)
enters implicitly as a parameter of the Robin boundary
condition (2).
In a recent work [34], we proposed an alternative de-
scription based on the concept of boundary local time.
The boundary local time ℓt characterizes the fraction of
time that a diffusing particle spends in a close vicinity
of the reflecting boundary, as well as the number of en-
counters with that boundary [35], see Eqs. (4, 5) below.
This is a fundamental concept in the theory of stochas-
tic processes [36, 37], which remains largely unknown
and almost unemployed in physics, chemistry and biol-
ogy. To incorporate ℓt, we introduced the full propagator
P (x, ℓ, t|x0), i.e., the joint probability density of finding
a particle at point x at time t with its boundary local
time ℓ, given that it started from x0 at time 0. The
crucial advantage of this alternative description is that
P (x, ℓ, t|x0) characterizes diffusion in confinement with
reflecting (inert) boundary. In turn, the surface reactivity
is introduced via a stopping condition on the boundary
local time. In particular, we derived
Gq(x, t|x0) =
∞∫
0
dℓ e−qℓ P (x, ℓ, t|x0), (3)
where the surface reactivity q appears explicitly as a pa-
rameter of the Laplace transform with respect to the
boundary local time ℓ. In this way, the single full propa-
gator P (x, ℓ, t|x0) describes the whole family of partially
reactive surfaces (characterized by q). Moreover, one can
replace the exponential factor e−qℓ by a more general
function to implement other surface reaction mechanisms
far beyond the conventional partial reactivity described
by the Robin boundary condition (2), see [34] for details.
In this light, the full propagator P (x, ℓ, t|x0) turns out
to be the intrinsic key quantity that describes all sorts
2of diffusion-mediated surface phenomena in a given con-
finement.
A successful implementation of this new paradigm re-
quires efficient methods for accessing the full propagator.
In [34], the Laplace transform of the full propagator was
expressed in terms of the so-called “surface hopping prop-
agator” Σp(s, ℓ|s0), i.e., the probability density of the
event that a particle, started from a boundary point s0,
has survived against a “bulk killing” with the rate p and
located at a boundary point s at the boundary local time
ℓ. The rate p ≥ 0 accounts for eventual disappearance of
the particles during its diffusion in the domain Ω due to a
bulk reaction or spontaneous disintegration, relaxation,
photobleaching or death. In this scheme, one can con-
sider both “mortal” (p > 0) and “immortal” (p = 0) par-
ticles [38–40]. In other words, the surface hopping prop-
agator describes bulk-diffusion-mediated displacements
between two encounters with the boundary, separated
by the boundary local time ℓ. The concept of such a sur-
face exploration by successive hops through the bulk was
formulated by Bychuk and O’Shaugnessy [41, 42] and
later confirmed by single-particle tracking experiments
[43–45]. Former theoretical descriptions of surface hop-
ping diffusion in terms of effective surface propagators
were based on coupled bulk-surface diffusion equations
with adsorption/desorption kinetics [46–50]. In turn, the
surface hopping propagator Σp(s, ℓ|s0) is a conceptually
different quantity, which characterizes surface displace-
ments not in terms of physical time t (as earlier) but in
terms of the boundary local time ℓ (the number of en-
counters). To our knowledge, the surface hopping propa-
gator, introduced in [34] as an efficient way to access the
full propagator, is a new object, and the present paper
aims at uncovering its properties.
The paper is organized as follows. In Sec. II, we for-
mulate the theoretical framework for diffusion-mediated
surface phenomena, build an intuitive ground for the sur-
face hopping propagator, and recall some general rela-
tions from [34]. Main results are reported in Sec. III, in
which the surface hopping propagator is computed and
investigated for several domains. Section IV summarizes
and concludes the paper.
II. SURFACE HOPPING PROPAGATOR
How many reflections does a particle undertake up to
a given time t or during its lifetime? Where is the par-
ticle after n reflections? For the common continuous-
time Brownian motion, these natural questions have old
but disappointing (trivial) answers. In fact, Brownian
motion crossing a smooth surface is known to return in-
finitely many times to that surface within an infinitely
short time period [51]. To get more satisfactory an-
swers, one needs to reformulate these questions in a reg-
ularized way. For instance, one can substitute Brown-
ian motion by a sequence of independent jumps (e.g.,
a random walk on a lattice). However, it is more con-
venient to keep considering continuous stochastic pro-
cess Xt but to introduce a thin surface layer of width a,
∂Ωa = {x ∈ Ω : |x− ∂Ω| < a}, and to count the num-
ber N at of crossings of this layer by reflected Brownian
motion up to time t. As a → 0, the number of cross-
ings diverges but aN at converges to the random process,
introduced by Le´vy and called the boundary local time
[35]:
ℓt = lim
a→0
aN at . (4)
While the continuous time t represents the number of
jumps of duration δ that the particle undertakes in the
bulk, the boundary local time ℓ is the proxy of the num-
ber of encounters with the boundary (reflections of am-
plitude a). Equivalently, ℓt is proportional to the fraction
of time that a particle spent in the surface layer of width
a up to time t:
ℓt = lim
a→0
D
a
t∫
0
dt′ I∂Ωa(Xt′), (5)
where the integral is the residence time of reflected Brow-
nian motion Xt in ∂Ωa, and I∂Ωa(x) is the indicator
function of that layer: I∂Ωa(x) = 1 for x ∈ ∂Ωa, and
0 otherwise. While ℓt is historically called “local time”,
it has units of length (see also [52, 53]). In some defi-
nitions, the diffusion coefficient D is removed from Eq.
(5), yielding the boundary local time in units of time per
length, i.e., the time spent in the surface layer rescaled
by its width. We also stress that the boundary local time
should not be confused with a closely related notion of
the point local time, i.e., a fraction of time spent in an
infinitesimal vicinity of a fixed bulk point. The latter
was thoroughly investigated, in particular, for Brownian
motion and Bessel processes (see [54–56] and references
therein).
The former two questions should thus be reformulated
in terms of the boundary local time: How large is the
boundary local time ℓt up to a given time t or during
the lifetime of a particle? Where is the particle after a
boundary local time ℓ? Answers to both these questions
are given by the surface hopping propagator Σp(s, ℓ|s0),
as discussed below.
A. Intuitive picture
Before presenting main results for general domains, it
is instructive to provide the motivation and intuition for
the surface hopping propagator. Let us consider a parti-
cle diffusing in the upper half-plane, Ω = R × R+, with
reflecting horizontal axis ∂Ω = {(x, 0) : x ∈ R}. If the
particle started from a boundary point s0 = (x0, 0), its
“next” encounter with the boundary would occur exactly
at s0, as discussed above. To overcome this problem, we
introduce a thin surface layer of width a (Fig. 1). Now,
one can ask what is the position of the next encounter
3with the boundary after crossing the horizontal line y = a
(i.e., after exiting from the surface layer). This regular-
ization eliminates too short Brownian trajectories that
remain within the layer. As the first crossing of the line
y = a typically occurs near the starting point s0, one
can move the starting point from (x0, 0) to (x0, a) and
then search for the probability density of the first arrival
onto the horizontal axis. This is the harmonic measure
density, which for the upper half-plane takes the form of
the Cauchy density,
p1(x|(x0, a)) = a
π[(x− x0)2 + a2] , (6)
and can thus describe the first encounter position x after
leaving the boundary from x0 and crossing the surface
layer of width a. After this encounter, the particle con-
tinues diffusion, independently of its past, so that the
second encounter position is determined by the convolu-
tion of two Cauchy densities:
p2(x|(x0, a)) =
∫
R
dx1 p1(x|(x1, a)) p1(x1|(x0, a))
=
2a
π[(x− x0)2 + (2a)2] .
Similarly, the position of the n-th encounter is deter-
mined by
pn(x|(x0, a)) = na
π[(x− x0)2 + (na)2] . (7)
In the limit a→ 0 with any fixed n, this density converges
to the Dirac distribution, pn(x|(x0, a)) → δ(x − x0), il-
lustrating the above statement that (reflected) Brownian
motion returns infinitely many times to the first hitting
point within an infinitely short period. As the right-hand
side of Eq. (7) depends on a via the product na, a non-
trivial result can only be obtained in the limit a → 0
when na is fixed. Setting ℓ = na, one obtains the surface
hopping propagator for the upper half-plane:
Σ0(s, ℓ|s0) = ℓ
π[(x − x0)2 + ℓ2] , (8)
with boundary points s = (x, 0) and s0 = (x0, 0). As
eventual death of the particle during its bulk diffusion
was ignored, we set p = 0 in the subscript.
While the above construction can be performed in any
confining domain, its practical realization involves nu-
merous convolutions of the harmonic measure density
which in general are difficult to compute (the above ex-
plicit computation was possible due to the explicit form
of the Cauchy distribution and its specific “infinite di-
visibility” property, i.e., the invariance of its form upon
convolutions). In the next subsection, we present a gen-
eral approach to access the surface hopping propagator.
0(1)(2) (3)
FIG. 1: Simulated trajectory of Brownian motion in the up-
per half-plane above the horizontal axis. A thin surface layer
is delimited by dashed line at y = a. The trajectory, started
from (0, a) (yellow filled square) is split into three colored
parts (blue, green, red). Each part is terminated when the
particle hits the boundary (enumerated filled circles), while
the next part starts the distance a above the last hitting point
(“jumps” indicated by black arrows). While some bulk explo-
rations are short (blue and red parts), the other can be very
long (green part).
B. General approach
We consider a particle diffusing in an Euclidean do-
main Ω ⊂ Rd with a smooth boundary ∂Ω. In [34], the
surface hopping propagator Σp(s, ℓ|s0) (with p ≥ 0) was
shown to be the kernel of the semi-group exp(−Mpℓ) gen-
erated by the Dirichlet-to-Neumann operator Mp. This
is a pseudo-differential self-adjoint operator acting on
functions on the boundary ∂Ω (see rigorous definitions
and mathematical details in [57–61]). For a given func-
tion f on ∂Ω, this operator associates another function g
on ∂Ω, Mp : f → g = (∂nw)|∂Ω, where w satisfies the
Dirichlet boundary value problem:
(p−D∆)w = 0 in Ω, w|∂Ω = f (9)
(if Ω is unbounded, one also needs to impose the regu-
larity condition: w → 0 as |x| → ∞, see below). For
instance, if f describes a concentration of particles main-
tained on the boundary ∂Ω, then Mpf = (∂nw)|∂Ω is
proportional to the diffusive flux of these particles into
the bulk. Note that there is a family of Dirichlet-to-
Neumann operators parameterized by p (or p/D). As the
kernel of the semi-group exp(−Mpℓ), the surface hopping
propagator satisfies
∂ℓΣp(s, ℓ|s0) = −MpΣp(s, ℓ|s0), (10)
subject to the initial condition Σp(s, ℓ = 0|s0) = δ(s −
s0). This equation resembles the diffusion equation (1),
in which the physical time t is replaced by the boundary
local time ℓ, and the Laplace operator ∆ is replaced by
−Mp.
4When the boundary ∂Ω of the domain is bounded, the
Dirichlet-to-Neumann operator has a discrete spectrum,
i.e., a countable set of positive eigenvalues µ
(p)
n and eigen-
functions v
(p)
n (s) forming a complete orthonormal basis
in the space L2(∂Ω):
Mp v(p)n (s) = µ(p)n v(p)n (s). (11)
The surface hopping propagator admits thus the spectral
expansion:
Σp(s, ℓ|s0) =
∑
n
[v(p)n (s0)]
∗ v(p)n (s) e
−µ(p)n ℓ, (12)
where asterisk denotes complex conjugate. In other
words, finding Σp(s, ℓ|s0) is equivalent to studying the
spectral properties of the Dirichlet-to-Neumann opera-
tor Mp.
When p > 0, all eigenvalues µ
(p)
n are strictly posi-
tive, and the surface hopping propagator vanishes as ℓ
increases. This is a direct consequence of bulk reaction
that may lead to eventual death or disappearance of the
diffusing particle during its motion. In particular,∫
∂Ω
dsΣp(s, ℓ|s0) < 1 (ℓ > 0), (13)
i.e., this density is not normalized to 1, in the same way
as the conventional propagatorGq(x, t|x0) is not normal-
ized to 1 in the presence of reactive boundary (q > 0).
In turn, the case p = 0 is more subtle. For restricted
diffusion in a bounded domain, the ground eigenfunction
is constant, v
(0)
0 (s) = |∂Ω|−1/2, whereas the associated
eigenvalue is zero: µ
(0)
0 = 0. Due to the orthogonality of
other eigenfunctions to v
(0)
0 , the surface hopping propa-
gator is normalized to 1:∫
∂Ω
dsΣ0(s, ℓ|s0) = 1 (ℓ > 0). (14)
In contrast, if diffusion is transient, all eigenvalues µ
(0)
n
are strictly positive, and the normalization is lost again,
here, due to the possibility of escaping at infinity. This is
the case of diffusion in the exterior of a bounded domain
in Rd with d ≥ 3 (for d = 2, see a short discussion in Sec.
A 4).
C. Relation to other quantities
As shown in [34], the surface hopping propagator opens
the door to access most common diffusion-reaction char-
acteristics such as the full propagator, the conventional
propagator, the first-passage time distribution, and the
reaction rate. In particular, the Laplace transform of the
full propagator reads
P˜ (x, ℓ, p|x0) = G˜∞(x, p|x0) δ(ℓ) (15)
+
∫
∂Ω
ds0
∫
∂Ω
ds j˜∞(s, p|x) Σp(s, ℓ|s0)
D
j˜∞(s0, p|x0),
where G∞(x, t|x0) is the propagator for perfectly re-
active boundary (with Dirichlet boundary condition
G∞(x, t|x0)|∂Ω = 0),
j∞(s, t|x0) = −D
(
∂nG∞(x, t|x0)
)
x=s
(16)
is the probability flux density on that boundary, and tilde
denotes the Laplace transform with respect to time t, e.g.,
P˜ (x, ℓ, p|x0) =
∞∫
0
dt e−pt P (x, ℓ, t|x0). (17)
Substituting the spectral expansion (12) into Eq. (15),
one also gets
P˜ (x, ℓ, p|x0) = G˜∞(x, p|x0) δ(ℓ) (18)
+
1
D
∑
n
[V (p)n (x0)]
∗ V (p)n (x) e
−µ(p)n ℓ,
with
V (p)n (x) =
∫
∂Ω
ds j˜∞(s, p|x) v(p)n (s). (19)
In turn, the full propagator determines most common
quantities of diffusion-influenced reactions, in particular,
the conventional propagator via Eq. (3). Moreover, one
gets the marginal probability density of the boundary
local time ℓt (see also [52, 53]):
ρ(ℓ, t|x0) =
∫
Ω
dxP (x, ℓ, t|x0), (20)
and the probability density of the first-crossing time Tℓ =
inf{t > 0 : ℓt > ℓ} of a level ℓ by ℓt:
U(ℓ, t|x0) = D
∫
∂Ω
dsP (s, ℓ, t|x0). (21)
The latter determines the probability density of the con-
ventional first-passage time to a partial reactive bound-
ary as:
Hq(t|x0) =
∞∫
0
dℓ q e−qℓ U(ℓ, t|x0). (22)
In the Laplace domain, one can use the spectral expan-
sion (18) to write
U˜(ℓ, p|x0) =
∑
n
[V (p)n (x0)]
∗ e−µ
(p)
n ℓ
∫
∂Ω
ds v(p)n (s). (23)
5Inverting the Laplace transform, one gets U(ℓ, t|x0) and
thus gains access via Eq. (22) to the whole family of
probability densities Hq(t|x0).
The surface hopping propagator also determines the
spread harmonic measure density, ωq(s|x0), which char-
acterizes the boundary point on a partially reactive
boundary, at which reaction occurs [62–64]. For a parti-
cle started from x0, one has
ωq(s|x0) =
∫
∂Ω
ds0 ωq(s|s0) j˜∞(s0, 0|x0), (24)
where
ωq(s|s0) =
∞∫
0
dℓ q e−qℓΣ0(s, ℓ|s0). (25)
More generally, the Laplace transform of qΣp(s, ℓ|s0)
with respect to the boundary local time ℓ yields the prob-
ability density of the reaction point s on the boundary
in the presence of bulk reactions with the rate p.
D. Extension
In the above construction of the surface hopping prop-
agator Σp(s, ℓ|s0) and the full propagator P (x, ℓ, t|x0),
the boundary local time ℓ is counted on the whole bound-
ary ∂Ω of the confining domain Ω. This boundary local
time is then used to incorporate surface reactions, like
in Eq. (3). In certain applications, however, only a sub-
set of the boundary, Γ ⊂ ∂Ω, is reactive, whereas the
remaining part ∂Ω\Γ is inert and just passively confines
the diffusing particle inside the domain. This is a typ-
ical case of an escape through a hole Γ, or of a target
Γ surrounded by a reflecting surface. As encounters of
the particle with the passive part of the boundary do not
matter, one needs to count the boundary local time only
on the reactive part Γ.
An extension to this setting is straightforward. In fact,
one can re-define ℓt through the residence time in a close
vicinity of the reactive part: Γa = {x ∈ Ω : |x−Γ| < a}:
ℓt = lim
a→0
D
a
t∫
0
dt′ IΓa(Xt′). (26)
The associated surface hopping propagator can be con-
structed as earlier by modifying the definition of the
Dirichlet-to-Neumann operator. In fact, as the passive
part of the boundary, ∂Ω\Γ, is irrelevant, one can define
the Dirichlet-to-Neumann operatorMΓp , acting on func-
tions on Γ as MΓp : f → g = (∂nw)|Γ, where w is the
solution of the mixed Dirichlet-Neumann boundary value
problem:
(p−D∆)w = 0 in Ω,
{
w|Γ = f,
(∂nw)|∂Ω\Γ = 0.
(27)
Here, the Neumann boundary condition on ∂Ω\Γ imple-
ments explicitly the reflecting character of the passive
part of the boundary. In the following, we will present
several examples of the surface hopping propagator for a
subset of the boundary.
III. EXPLICIT RESULTS FOR SEVERAL
CONFINING DOMAINS
In this section, we illustrate the properties of the sur-
face hopping propagator and related quantities for sev-
eral confining domains, for which the eigenbasis of the
Dirichlet-to-Neumann operator can be explicitly derived.
Even though these spectral properties are known to ex-
perts, we will provide some clarifications to guide readers.
We start with the half-space, for which all quantities,
including the full propagator, will be derived in closed
explicit forms. Then we consider two-dimensional circu-
lar annuli between two concentric circles that include as
limiting cases the interior and the exterior of a disk. An
extension of these results to three-dimensional circular
cylinders is briefly presented. Similarly, we discuss spher-
ical shells between two concentric spheres that include
the interior and the exterior of a ball. A numerical com-
putation of the eigenmodes of the Dirichlet-to-Neumann
operator in non-concentric perforated spherical domains
is discussed in [32, 65]. Technical derivations are moved
to Appendices.
A. Half-space
It is instructive to start with the case of the half-space
Ω = {x = (x1, . . . , xd) ∈ Rd : xd > 0}, for which
all quantities of interest can be obtained in a closed
analytic form. Even though the boundary ∂Ω of the
half-space is not bounded, the derived formulas can be
adapted. In this case, the spectrum of the Dirichlet-to-
Neumann operator is continuous, and sums over eigen-
modes should be replaced by integrals. Moreover, the
solutions of the eigenvalue equation (11), v
(p)
n , are not
L2(∂Ω)-normalized and thus cannot be called “eigenfunc-
tions”. Nevertheless, we will keep this term for v
(p)
n , bear-
ing in mind its limitations.
To clarify the ideas, we start again with the planar
case (d = 2). The translational symmetry of the bound-
ary implies that vn(s) = e
ins/
√
2π are the “eigenfunc-
tions” of the Dirichlet-to-Neumann operator Mp. In
fact, since w(x, y) = einx−y
√
n2+p/D satisfies the mod-
ified Helmholtz equation (9) in the upper half-plane,
eins is an “eigenfunction”, associated to the “eigenvalue”
µ
(p)
n =
√
n2 + p/D. Note that this “eigenfunction” does
not depend on p due to the above symmetry. The prefac-
tor 1/
√
2π comes from the orthogonality of “eigenfunc-
6tions”:
∞∫
−∞
ds vn(s) [vn′(s)]
∗ = δ(n− n′). (28)
Skipping technical details, we formally rewrite the spec-
tral expansion (12) of the surface hopping propagator as
Σp(s, ℓ|s0) =
∞∫
−∞
dn [vn(s0)]
∗ vn(s) exp(−µ(p)n ℓ), (29)
where the former summation index n now takes real val-
ues in R. As a consequence, we get
Σp(s, ℓ|s0) =
∞∫
−∞
dn
2π
ein(s0−s)−ℓ
√
n2+p/D
=
ℓ
π(ℓ2 + (s− s0)2) ζK1(ζ), (30)
with
ζ =
√
p/D
√
ℓ2 + (s− s0)2 , (31)
and Kν(z) is the modified Bessel function of the second
kind. At p = 0, we retrieve the Cauchy density (8).
In this case, the surface exploration up to the boundary
local time ℓ is equivalent to the first arrival onto that
surface of Brownian motion started from (s0, ℓ), i.e. the
distance ℓ above the surface. Figure 2 illustrates the
behavior of the surface hopping propagator. Changing
progressively the boundary local time ℓ, one observes the
spreading of the surface hopping propagator.
For “immortal” particles (p = 0), the surface hopping
propagator exhibits heavy tails, Σ0(s, ℓ|s0) ∝ |s− s0|−2,
in particular, the variance of the arrival point s is infi-
nite (the mean is s0 due to the symmetric form of this
propagator). Such displacements with infinite variance
resemble Le´vy flights [66]. This is the consequence of un-
bounded exploration region that allows for very long and
far-reaching trajectories. The situation is drastically dif-
ferent for “mortal” particles (p > 0), for which long tra-
jectories are penalized by tiny chances of survival. In fact,
the central part of this distribution (when ℓ2+|s−s0|2 ≪
D/p) resembles again the Cauchy density (Fig. 2(b)),
which is however truncated by exponential tails at large
s (when ζ ≫ 1): Σp(s, ℓ|s0) ∝ e−ζ ∼ e−|s−s0|
√
p/D. The
bulk rate p (or, more precisely, p/D) controls this trun-
cation. As a consequence, all the positive moments of the
arrival boundary point are finite. Expectedly, the surface
hopping propagator is not normalized to 1 for p > 0:∫
R
dsΣp(s, ℓ|s0) = e−ℓ
√
p/D . (32)
Interestingly, even the conditional surface hopping prop-
agator that accounts only for the survived particles after
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FIG. 2: The surface hopping propagator Σp(s, ℓ|0), given by
Eq. (30), for diffusion in the upper half-plane for p = 0 (a)
and p = 0.1 (b), and 64 values of ℓ, logarithmically spaced in
the range from 10−1 (blue curves) to 101 (red curves), with
D = 1.
renormalization by e−ℓ
√
p/D, shows an exponential decay
with s.
In higher dimensions, the “eigenfunctions” and “eigen-
values” of the Dirichlet-to-Neumann operator have simi-
lar form:
vn(s) =
ei(n·s)
(2π)(d−1)/2
, µ(p)
n
=
√
|n|2 + p/D, (33)
with the “multi-index” n = (n1, . . . , nd−1) ∈ Rd−1. The
surface propagator can thus be written as
Σp(s, ℓ|s0) =
∫
Rd−1
dn
(2π)d−1
ein·(s0−s)−ℓ
√
|n|2+p/D . (34)
In spherical coordinates, the integral over all orientations
gives
Σp(s, ℓ|s0) = |s− s0|
3−d
2
(2π)
d−1
2
∞∫
0
dnn
d−1
2 J d−3
2
(n|s− s0|)
× e−ℓ
√
n2+p/D
= Σ0(s, ℓ|s0)
ζ
d
2 K d
2
(ζ)
Γ(d2 )2
d
2−1
, (35)
7where ζ is given by Eq. (31), and
Σ0(s, ℓ|s0) = Γ(d/2)
πd/2
ℓ
(ℓ2 + |s− s0|2)d/2 (36)
is again the harmonic measure density on the hyperplane
R
d−1 (see also [64]), and Jν(z) is the Bessel function of
the first kind. In the right-hand side of Eq. (35), one can
recognize the Laplace-transformed probability flux den-
sity j˜∞(s, p|(s0, ℓ)) onto a perfectly absorbing hyperplane
from the bulk point x0 = (s0, ℓ). The inverse Laplace
transform with respect to p yields then
L−1t {Σp(s, ℓ|s0)} = j∞(s, t|(s0, ℓ)) (37)
=
exp
(− |s−s0|24Dt )
(4πDt)(d−1)/2
ℓ exp
(− ℓ24Dt)√
4πDt3
.
We emphasize that this relation is specific to the case of
the half-space.
Using this relation and the representation (34), one can
easily compute the double integral over s1 and s2 in Eq.
(18) to get
P˜ (x, ℓ, p|x0) = G˜∞(x, p|x0)δ(ℓ) + Σp(y, z + z0 + ℓ|y0)
D
,
(38)
where x = (y, z) and x0 = (y0, z0). The inverse Laplace
transform with respect to p yields then
P (x, ℓ, t|x0) = G∞(x, t|x0)δ(ℓ) + j∞(y, t|(y0, z + z0 + ℓ))
D
=
exp
(− |y−y0|24Dt )
(4πDt)d/2
{(
e−(z−z0)
2/(4Dt) − e−(z+z0)2/(4Dt))δ(ℓ)
+
ℓ+ z + z0
Dt
e−(z+z0+ℓ)
2/(4Dt)
}
. (39)
This is the explicit exact form of the full propagator for
the half-space.
One can easily check that the integral over x ∈ Rd+
gives the marginal probability density of the boundary
local time ℓt:
ρ(ℓ, t|x0) = erf
(
z0√
4Dt
)
δ(ℓ) +
exp
(− (z0+ℓ)24Dt )√
πDt
. (40)
This expression does not depend on the dimension d and
the lateral coordinate y0 of the starting point x0, given
that the boundary local time is independent of lateral
displacements and determined by the transverse motion
(on the half-line). The distribution of the boundary local
time ℓt was studied in [52, 53].
In turn, the integral of Eq. (39) over ℓ ∈ R+ yields the
marginal probability density of the position, i.e., con-
ventional propagator G0(x, t|x0) in the half-space with
reflecting boundary:
G0(x, t|x0) =
exp
(− |y−y0|24Dt )
(4πDt)d/2
× (e−(z−z0)2/(4Dt) + e−(z+z0)2/(4Dt)). (41)
Moreover, with the general expression (3), one retrieves
the propagator Gq(x, t|x0) for reactive boundary:
Gq(x, t|x0) =
exp
(− |y−y0|24Dt )
(4πDt)d/2
{
e−(z−z0)
2/(4Dt)+
e−(z+z0)
2/(4Dt)
(
1− 2q
√
πDt erfcx
(
z + z0√
4Dt
+ q
√
Dt
))}
,
(42)
where erfcx(z) = ez
2
erfc(z) is the scaled complementary
error function. Expectedly, the propagators in Eqs. (41,
42) exhibit translational invariance along y coordinate
and are factored into the lateral Gaussian (free) propaga-
tor and the transverse propagator on the half-line (0,∞).
Note that its integral over the arrival point x yields the
survival probability
Sq(t|x0) = erf
(
z0√
4Dt
)
+ e−
z20
4Dt erfcx
(
z0√
4Dt
+ q
√
Dt
)
,
(43)
which does not depend on y0 and coincides with the sur-
vival probability for the semi-axis with the partially reac-
tive endpoint. The classical expression for the associated
probability density of the reaction time is then retrieved:
Hq(t|x0) = qDe−z20/(4Dt)
{
1√
πDt
− q erfcx
(
z0√
4Dt
+ q
√
Dt
)}
. (44)
Finally, Eq. (21) yields
U(ℓ, t|x0) = (ℓ+ z0)e
−(ℓ+z0)
2/(4Dt)
√
4πDt3
, (45)
i.e., we retrieved the classical formula for the probabil-
ity density of the first crossing time of a level ℓ by the
boundary local time of reflected Brownian motion on the
half-line (see, e.g., [54]).
To complete this section, we briefly mention that the
above computations can be easily extended to a slab do-
main between parallel hyperplanes, one of which is re-
flecting (see [67] for more details). In other words, one
can consider Ω = {x ∈ Rd : 0 < xd < L} and study the
Dirichlet-to-Neumann operator on the hyperplane xd = 0
in the presence of the reflecting hyperplane xd = L. The
“eigenfunctions” of such Dirichlet-to-Neumann operator
remain unchanged due to the translational symmetry,
whereas the “eigenvalues” are
µ(p)
n
=
√
|n|2 + p/D tanh(L√|n|2 + p/D). (46)
As L → ∞, one retrieves the former case of the half-
space. The former integral representations for the surface
hopping propagator and related quantities remain valid
if Eq. (46) is used for µ
(p)
n . In contrast, the presence of
tanh(z) prevents from getting simple closed formulas for
these quantities in the case of a slab.
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FIG. 3: (a,b) The surface hopping propagator Σp(s, ℓ|s0),
given by Eq. (A6), for diffusion inside a disk of radius R,
for p = 0 (a) and p = 0.1 (b), and 64 values of ℓ, logarith-
mically spaced in the range from 10−1 (blue curves) to 101
(red curves), with D = 1 and s0/R = π. (c,d) The surface
hopping propagator Σp(s, ℓ|s0) for diffusion outside a disk of
radius R, with the same parameters. Note that the propaga-
tors on panels (a) and (c) are identical but the vertical axis
is cut differently. The series in Eq. (A6) is truncated above
|n| = 100.
B. Circular annuli and spherical shells
In Appendices A and B, we provide explicit formulas
for the eigenfunctions and eigenvalues of the Dirichlet-to-
Neumann operator in several rotationally invariant do-
mains: circular annuli, the interior and the exterior of
a disk, circular cylinders, spherical shells, the interior
and the exterior of a ball. These formulas allow one to
get the surface hopping propagator Σp(s, ℓ|s0) via the
spectral expansion (12), as well as the full propagator
P (x, ℓ, t|x0) and all the related quantities, as discussed
in Sec. II C. From these basic results, one can thoroughly
investigate various diffusion-mediated surface phenom-
ena in the above domains. In this paper, we keep our
focus on the surface hopping propagator and illustrate
its properties for these domains.
Figure 3(a,b) shows the surface hopping propagator
for the interior of a disk of radius R. At p = 0 (panel
(a)), the surface hopping propagator Σ0(s, ℓ|s0) coincides
with the harmonic measure density on the circle, see Eq.
(A14). Expectedly, it evolves from the Dirac distribution
at ℓ = 0 to the uniform distribution 1/(2πR) as ℓ→ ∞.
When p > 0 (panel (b)), eventual death of the particle
during its bulk explorations affects this propagator. At
small ℓ, the particle spends short time in the bulk so that
there is almost no effect of the bulk rate p (at moderate
p): blue curves on (a) and (b) panels are almost identical.
As ℓ increases, the effect of p becomes more prominent.
At large ℓ, the particle has enough time to explore the
interior of the disk, leading again to the uniform distribu-
tion of the arrival point. This can also be seen from the
spectral expansion (12), in which the contribution from
higher-order eigenmodes of the Dirichlet-to-Neumann op-
erator vanished. The surface hopping propagator be-
comes almost flat again, Σp(s, ℓ|s0) ≃ e−µ(p)0 ℓ/(2πR),
but its level is now attenuated by bulk reactions. As
µ
(p=0.1)
0 ≈ 0.0494, the attenuation factor e−µ
(p)
0 ℓ is not
strong even at ℓ = 10 in the considered example. How-
ever, one can still see a qualitative difference between
p = 0 and p = 0.1 cases: in the former case, the curves
approach the limit 1/(2πR), whereas in the latter case,
they are progressively shifted downward.
Figure 3(c,d) shows the surface hopping propagator for
the exterior of a disk of radiusR. We note that Eq. (A14)
for the surface hopping propagator at p = 0 remains the
same for diffusion outside the disk. This reflects the con-
formal invariance of the harmonic measure with respect
to an inversion mapping of the interior of the disk to its
exterior. In contrast, for p > 0, the behavior of the sur-
face hopping propagator is different for diffusion inside
and outside the disk, especially for large ℓ. In fact, the
particle diffusing outside the disk undertakes much longer
bulk excursions between successive encounters with the
boundary and thus has higher chances to be killed by a
bulk reaction. This leads to much smaller values of the
surface hopping propagator (we recall that the propaga-
tor is not normalized to 1 for p > 0).
Figure 4 presents the surface hopping propagator
Σ0(s, ℓ|s0) for a circular annulus with both reactive cir-
cles of radii R and L. As the boundary is composed of
two circles, there are two distinct choices of the starting
point s0 (shown by red dot): either on the inner circle of
radius R, or on the outer circle of radius L (and one can
set s0 = 0 in both cases due to rotational invariance). For
convenience of presentation, the curvilinear coordinate s
runs here from −2πR to 0 for the inner circle, and from
0 to 2πL for the outer circle. On the horizontal axis, s
is rescaled by R for negative values and by L for positive
values so that the horizontal axis varies from −2π and
2π. Let us first consider the particle started on the inner
circle (Fig. 4(a)). At small ℓ (blue curves), this particle
does not move far away from the starting point s0, so that
Σ0(s, ℓ|s0) rapidly decays when s/R varies from 0 to −π
(its later increase for s/R ranging from −π to −2π is due
to the symmetry). Similarly, bulk excursions of the parti-
cle rarely terminate at the outer circle so that the surface
hopping propagator remains small on that boundary (the
range of positive s). Clearly, the minimum corresponds to
the boundary point s = πL on the outer boundary which
is located behind the starting point s0. As the boundary
local time increases, the particle explores further bound-
ary regions, both on the inner and outer circles. In the
limit ℓ→∞, the surface hopping propagator approaches
the uniform density, 1/(2π(R + L)), on both circles, as
expected. When the starting point is on the outer circle
(Fig. 4(b)), the picture is very similar, i.e., the particle
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FIG. 4: The surface hopping propagator Σp(s, ℓ|s0) for a
circular annulus with both reactive circles of radii R and L,
for 64 values of ℓ, logarithmically spaced in the range from
10−1 (blue curves) to 101 (red curves), with p = 0, L = 5R,
D = 1. (a) The starting point s0 = 0 (red dot) is on the inner
circle; (b) the starting point s0 = 0 is on the outer circle. The
series is truncated above |n| = 1000.
remains on the outer circle (close to the starting point)
at small ℓ but then spreads away. Note that the stronger
decay of the surface hopping propagator is caused by the
fact that the outer circle is much longer than the inner
one. For this reason, a large truncation order was needed
to accurately compute Σ0(s, ℓ|s0) in this case.
For “mortal” particles (not shown), eventual death due
to the bulk rate p > 0 penalizes long trajectories, as in
the case of diffusion inside a disk. Moreover, in highly re-
active media, the particle has tiny chances to move from
one circle to the other, and these parts of the boundary
become decoupled. In other words, as there is almost no
survived particles that crossed the annulus, the proper-
ties of the boundary far away from the starting point do
not matter.
Figure 5 shows similar results for the interior and ex-
terior of a ball. As previously, Σp(s, ℓ|s0) behaves differ-
ently for diffusion inside and outside the ball. However,
this difference is considerably enhanced in three dimen-
sions due to the recurrent versus transient character of
diffusion. In fact, the particle diffusing outside a ball can
escape to infinity with a finite probability. As a conse-
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FIG. 5: (a,b) The surface hopping propagator Σp(s, ℓ|s0),
given by Eq. (B22), for diffusion inside a ball of radius R,
for p = 0 (a) and p = 0.1 (b), and 64 values of ℓ, logarith-
mically spaced in the range from 10−1 (blue curves) to 101
(red curves), with D = 1, s0 = (0, 0, R) (the North pole),
and s = (R sin θ, 0, R cos θ) (i.e., θ is the angle between s0
and s). (c,d) The surface hopping propagator Σp(s, ℓ|s0) for
diffusion outside a ball of radius R, with the same parame-
ters. The series in Eq. (B22) is truncated above n = 100 that
results in small oscillations seen for blue curves.
quence, the surface hopping propagator is not normalized
to 1 here even for p = 0. Actually, the normalization con-
stant is e−ℓ/R, i.e., the escape probability is 1 − e−ℓ/R.
On panel (c), one can see that the surface hopping prop-
agator becomes again uniform (as the contribution of
higher-order eigenfunctions vanishes) but attenuated by
the factor e−ℓ/R.
Finally, Fig. 6 illustrates the surface hopping propa-
gator on a spherical target of radius R, surrounded by
an outer reflecting sphere of radius L. This setting is
qualitatively in between the interior and the exterior of a
ball. On one hand, as this domain is bounded and diffu-
sion is recurrent, the surface hopping propagator evolves
towards the uniform density 1/(4πR2), as for the inte-
rior case. On the other hand, the outer reflecting sphere
is located relatively far from the target and thus allows
for long trajectories, as for the exterior case. For p = 0,
the panel (a) of Fig. 6 resembles the panel (a) of Fig.
5, even so diffusion occurs in different regions in these
two settings. In contrast, when p = 0.1, the panel (b)
of Fig. 6 is much closer to the panel (d) of Fig. 5. In
fact, in both cases, the particle is allowed to undertake
long trajectories between successive encounters with the
target.
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FIG. 6: The surface hopping propagator Σp(s, ℓ|s0), given
by Eq. (B6), on a spherical target of radius R, surrounded
by an outer reflecting sphere of radius L, for p = 0 (a) and
p = 0.1 (b), and 64 values of ℓ, logarithmically spaced in
the range from 10−1 (blue curves) to 101 (red curves), with
L = 10R, D = 1, s0 = (0, 0, R) (the North pole), and s =
(R sin θ, 0, R cos θ) (i.e., θ is the angle between s0 and s). The
series in Eq. (B6) is truncated above n = 100.
IV. DISCUSSION AND CONCLUSION
In this paper, we investigated the properties of the sur-
face hopping propagator Σp(s, ℓ|s0) recently introduced
in [34]. This is a conceptually new quantity that describes
bulk-diffusion-mediated exploration of a surface. In con-
trast to former works [46–50], which relied on coupled
bulk-surface diffusion equations and aimed to character-
ize the position of the particle on a surface after some
physical time t, here we operate with the boundary local
time ℓ, which is a proxy of the number of encounters with
that surface. The surface hopping propagator turns out
to be dual to the conventional propagator Gq(x, t|x0). In
fact, as Gq(x, t|x0) characterizes displacements between
bulk points x0 and x in physical time t (i.e., after a
number of bulk jumps), Σp(s, ℓ|s0) characterizes effec-
tive displacements between boundary points s0 and s in
boundary local time ℓ (i.e., after a number of reflections
on the boundary). While Gq(x, t|x0) is the semi-group of
the Laplace operator −∆ (acting in the bulk), Σp(s, ℓ|s0)
is the semi-group of the Dirichlet-to-Neumann operator
Mp (acting on the boundary). In this light, the spectral
expansion (12) is dual to the spectral expansion for the
conventional propagator:
Gq(x, t|x0) =
∑
n
[u(q)n (x0)]
∗ u(q)n (x) e
−λ(q)n t, (47)
where λ
(q)
n and u
(q)
n (x) are the eigenvalues and L2(Ω)-
normalized eigenfunctions of the diffusion operator
−D∆:
−D∆u(q)n = λ(q)n u(q)n (x ∈ Ω), (48a)
∂nu
(q)
n + q u
(q)
n = 0 (x ∈ ∂Ω), (48b)
where we highlighted the dependence on the reactiv-
ity parameter q through the Robin boundary condition
(48b). Similarity and duality of Eqs. (12, 47) are re-
markable. We recall that the spectral expansion (47) is
valid for a bounded domain Ω, whereas the spectral ex-
pansion (12) is valid for a bounded boundary ∂Ω. As a
consequence, Eq. (12) seems to be more general, as it
is also valid when Ω is the exterior of a bounded do-
main, for which Eq. (47) is not applicable anymore.
In spite of this considerable advantage, the Dirichlet-
to-Neumann operator and its eigenbasis were not ear-
lier employed to describe diffusion-influenced reactions
and other diffusion-mediated surface phenomena. The
present paper, along with Refs. [34, 68], aim to shift the
theoretical description of these phenomena towards a new
fundamental ground. Using the formulas derived in this
paper, one can access directly not only the surface hop-
ping propagator, but all the related quantities, including
the full propagator, first-passage time distribution, the
survival probability and the reaction rate.
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Appendix A: Circular annulus
Here, we consider a circular annulus between two con-
centric circles of radii R < L: Ω = {x ∈ R2 : R < |x| <
L}. There are four possible combinations of surface reac-
tivity: (i) both circles are reactive, (ii) the inner circle is
reflecting while the outer circle is reactive, (iii) the inner
circle is reactive while the outer circle is reflecting, and
(iv) both circles are reflecting. As surface reaction is not
possible in the last case, it is excluded. The first case cor-
responds directly to our general setting when the whole
boundary is reactive. However, as this case involves two
disjoint parts of the boundary (the inner and the outer
circles), its analysis is the most complicated. For this
reason, we start with the case (ii), then briefly discuss
the case (iii), and finally give the solution for the case
(i).
1. Reactive outer circle
In order to determine the spectrum of the Dirichlet-to-
Neumann operator associated with the outer circle Γ =
{x ∈ R2 : |x| = L}, one needs to solve the mixed
boundary value problem (27). Its general solution can
be searched in polar coordinates (r, φ) as:
w(r, φ) =
∞∑
n=−∞
cn e
inφ gn(r), (A1)
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where cn are unknown coefficients (to be fixed by the
boundary condition),
gn(r) =
K ′n(αR)In(αr) − I ′n(αR)Kn(αr)
K ′n(αR)In(αL)− I ′n(αR)Kn(αL)
. (A2)
are radial functions with α =
√
p/D, prime denotes the
derivative with respect to the argument, and In(z) is the
modified Bessel functions of the first kind. One can easily
check that g′n(R) = 0 by construction. For convenience,
we have chosen a particular normalization gn(L) = 1. As
the normal derivative is equal to the radial derivative, the
action of the Dirichlet-to-Neumann operator Mp does
not affect the angular part. In other words, the rotational
symmetry of this domain implies that Fourier harmonics
are the eigenfunctions ofMp, defined on the outer circle
Γ:
vn(s) =
eins/L√
2πL
(n ∈ Z), (A3)
where the curvilinear coordinate s is related to the polar
angle φ as s = φL. The associated eigenvalues are
µ(p)n = g
′
n(L) (n ∈ Z). (A4)
The eigenfunctions do not depend on p, whereas the
eigenvalues are twice degenerate, except for n = 0. Here,
the index n runs over all integer numbers. In the limit
p→ 0, one gets
µ(0)n =
|n|
L
1− (R/L)2|n|
1 + (R/L)2|n|
. (A5)
The spectral decomposition (12) of the surface hopping
propagator reads
Σp(s, ℓ|s0) =
∞∑
n=−∞
ein(s0−s)/L
2πL
exp
(−µ(p)n ℓ). (A6)
To access the full propagator, one also needs to com-
pute V
(p)
n (x0) from Eq. (19). Using the summation
formulas from [69], the Laplace-transformed propagator
G˜∞(x, p|x0) and thus j˜∞(s, p|x0) for a circular annulus
with Dirichlet boundary condition on the outer circle and
Neumann boundary condition on the inner circle read
G˜∞(x, p|x0) = 1
2πD
∞∑
n=−∞
ein(φ−φ0) gn(r0) (A7)
×[Kn(αL)In(αr) − In(αL)Kn(αr)] ,
j˜∞(s, p|x0) = 1
2πL
∞∑
n=−∞
ein(φ−φ0) gn(r0), (A8)
where x = (r, φ) and x0 = (r0, φ0) in polar coordinates,
R ≤ r0 ≤ r ≤ L, s = φL, and we used the Wronskian
I ′n(z)Kn(z)−K ′n(z)In(z) =
1
z
. (A9)
The projection of j˜∞(s, p|x0) onto an eigenfunction vn(s)
from Eq. (A3) reads then
V (p)n (x0) = vn(φ0) gn(r0) . (A10)
The orthogonality of Fourier harmonics to a constant
function reduces Eq. (23) to
U˜(ℓ, p|x0) = g0(r0) exp(−µ(p)0 ℓ), (A11)
from which Eq. (22) gives the Laplace-transformed prob-
ability density of the reaction time as
H˜q(p|x0) = g0(r0) 1
1 + µ
(p)
0 /q
. (A12)
2. Interior of a disk
In the limit R → 0, the inner boundary shrinks to a
point, and one gets the solution for the interior of a disk
of radius L: Ω = {x ∈ R2 : |x| < L} (see also [68]).
The radial functions become
gn(r) =
In(r
√
p/D)
In(L
√
p/D)
, (A13)
while the eigenvalues and eigenfunctions of the Dirichlet-
to-Neumann operator are still given by Eqs. (A3, A4).
Other expressions are also valid; in particular, Eqs. (A7,
A8) are applicable.
At p = 0, Eq. (A5) yields µ
(0)
n = |n|/L and thus
Σ0(s, ℓ|s0) = 1− e
−2ℓ/L
2πL
(
1− 2 cos( s−s0L )e−ℓ/L + e−2ℓ/L
) .
(A14)
As expected, this propagator evolves from the Dirac dis-
tribution δ(s − s0) at ℓ = 0 to the uniform distribution
1/(2πL) as ℓ → ∞. Setting ρ = Le−ℓ/L, one can recog-
nize in this form the Poisson kernel in the disk of radius
L. The Poisson kernel describes the harmonic measure
density on the disk, i.e., the probability density of the
first arrival onto the circle of radius R at point (L, s/L)
for Brownian motion started from a point (ρ, s0/L) (writ-
ten in polar coordinates). As in the planar case discussed
in Sec. III A, the distribution of the position of the dif-
fusing particle at the boundary local time ℓ (i.e., after a
prescribed number of encounters with the reflecting cir-
cle) is identical to the distribution of the first arrival point
on the fully absorbing circle, where the boundary local
time ℓ determines the starting point in the latter set-
ting. Figure 3(a,b) illustrates the behavior of the surface
hopping propagator.
3. Reactive inner circle
We briefly discuss the case (iii) when the inner circle is
reactive and surrounded by a reflecting outer circle. This
12
is a typical setting of a small reactive target confined
in a domain surrounded by an outer reflecting boundary
[70]. Here, we search for the spectrum of the Dirichlet-to-
Neumann operator associated with the inner circle: Γ =
{x ∈ R2 : |x| = R}. Repeating the above construction
step by step, one realizes that the eigenfunctions are the
Fourier harmonics on the inner circle
vn(s) =
eins/R√
2πR
(n ∈ Z), (A15)
where the curvilinear coordinate s is related to the polar
angle φ as s = φR. The associated eigenvalues are
µ(p)n = −g′n(R) (n ∈ Z), (A16)
where sign minus appears due to the direction of the
normal derivative, ∂n = −∂r, and
gn(r) =
K ′n(αL)In(αr) − I ′n(αL)Kn(αr)
K ′n(αL)In(αR)− I ′n(αL)Kn(αR)
(A17)
are the radial functions satisfying gn(R) = 1 and g
′
n(L) =
0. In the limit p→ 0, one gets
µ(0)n =
|n|
R
1− (R/L)2|n|
1 + (R/L)2|n|
. (A18)
The spectral decomposition (12) of the surface hopping
propagator reads
Σp(s, ℓ|s0) =
∞∑
n=−∞
ein(s0−s)/R
2πR
exp
(−µ(p)n ℓ). (A19)
The Laplace-transformed propagator G˜∞(x, p|x0) and
thus j˜∞(s, p|x0) for a circular annulus with Dirichlet
boundary condition on the inner circle and Neumann
boundary condition on the outer circle read
G˜∞(x, p|x0) = 1
2πD
∞∑
n=−∞
ein(φ−φ0) gn(r0) (A20)
×[Kn(αR)In(αr) − In(αR)Kn(αr)] ,
j˜∞(s, p|x0) = 1
2πR
∞∑
n=−∞
ein(φ−φ0) gn(r0), (A21)
where x = (r, φ), x0 = (r0, φ0), R ≤ r ≤ r0 ≤ L, s = φR.
In turn, Eqs. (A10, A11, A12) remain unchanged. Some
first-passage properties in this setting were studied in
[34].
4. Exterior of a disk
In the limit L → ∞, the outer boundary is pushed
away to infinity, and one deals with diffusion in the ex-
terior of a disk of radius R: Ω = {x ∈ R2 : |x| > R}.
In this limit, the radial functions from Eq. (A17) are
reduced to
gn(r) =
Kn(r
√
p/D)
Kn(R
√
p/D)
. (A22)
The eigenvalues and eigenfunctions of the Dirichlet-to-
Neumann operator are still given by Eqs. (A16, A15),
with gn(r) from Eq. (A22). Other earlier expressions
are as well applicable; in particular, Eqs. (A20, A21) are
valid. Figure 3(c,d) illustrates the behavior of the surface
hopping propagator.
The exterior of a disk presents a convenient example
to illustrate subtle points of recurrent diffusion outside
a planar bounded domain. As the radial functions gn(r)
in Eq. (A22) for p > 0 vanish exponentially fast in the
limit r → ∞, a general solution w(r, φ) of the modified
Helmholtz equation (27) also vanishes, in agreement with
the regularity condition. In the case p = 0, the radial
functions for n 6= 0 become gn(r) = (R/r)|n| and vanish
again. However, the limit of g0(r) as p → 0 is equal
to 1 that does not vanish at infinity, thus violating the
regularity condition. This is a consequence of the simple
fact that the rotationally invariant Laplace equation in
the plane, w′′+ 1rw
′ = 0, has a general solution c1+c2 ln r
that does not vanish as r → ∞, except for the trivial
choice c1 = c2 = 0. This is a well-known problem for
such planar domains, for which, in particular, there is no
steady-state reaction rate [71, 72]. In the remaining part
of the paper, we do not discuss this subtle case.
5. Both reactive circles
When both circles are reactive, one needs to con-
sider the Dirichlet-to-Neumann operator on the whole
boundary composed of two disjoint circles: Γ1 = {x ∈
R
2 : |x| = R} and Γ2 = {x ∈ R2 : |x| = L}. A general
solution of Eq. (9) can be searched in the form
w(r, φ) =
∞∑
n=−∞
(
cn,1 gn,1(r) + cn,2 gn,2(r)
)
einφ, (A23)
where the unknown coefficients cn,1 and cn,2 are set by
boundary conditions, and the radial functions
gn,1(r) =
Kn(αL)In(αr) − In(αL)Kn(αr)
Kn(αL)In(αR) − In(αL)Kn(αR) ,
gn,2(r) =
Kn(αR)In(αr) − In(αR)Kn(αr)
Kn(αR)In(αL)− In(αR)Kn(αL)
satisfy gn,1(L) = 0, gn,1(R) = 1, and gn,2(R) = 0,
gn,2(L) = 1 for convenience (other linear combinations of
In(αr) andKn(αr) could also be used). Note that gn,1(r)
monotonously decreases, whereas gn,2(r) monotonously
increases on the interval (R,L).
As the inner and outer circles are concentric, one can
expect that an eigenfunction of the operatorMp can be
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written as
v(p)n (s) =
{
a
(p)
n einφ s ∈ Γ1 (φ = s/R),
b
(p)
n einφ s ∈ Γ2 (φ = s/L),
(A24)
where a
(p)
n and b
(p)
n are some coefficients. In fact, as the
space of functions on the whole boundary ∂Ω = Γ1 ∪ Γ2
is the direct product of spaces of functions on the inner
(Γ1) and outer (Γ2) circles, the eigenfunction v
(p)
n (s) can
be thought of being composed of two components. Here,
these two components are proportional to einφ due to
the rotational symmetry (note that this claim can be
shown rigorously by representing each component as a
Fourier series and then using the orthogonality of Fourier
harmonics). Substituting such v
(p)
n (s) as the Dirichlet
condition to Eq. (9), one gets its solution as
w(r, φ) =
(
a(p)n gn,1(r) + b
(p)
n gn,2(r)
)
einφ, (A25)
while its normal derivative on ∂Ω reads
Mpvn = (∂nw)|∂Ω (A26)
=
{
−(a(p)n g′n,1(R) + b(p)n g′n,2(R))einφ s ∈ Γ1,
(a
(p)
n g′n,1(L) + b
(p)
n g′n,2(L))e
inφ s ∈ Γ2.
If the right-hand side is proportional to v
(p)
n , then v
(p)
n is
indeed an eigenfunction of Mp. In other words, we get
two equations{
−(a(p)n g′n,1(R) + b(p)n g′n,2(R)) = µ(p)n a(p)n ,(
a
(p)
n g′n,1(L) + b
(p)
n g′n,2(L)
)
= µ
(p)
n b
(p)
n ,
(A27)
where the proportionality coefficient µ
(p)
n is the associ-
ated eigenvalue, and we used the particular form of func-
tions gn,1(r) and gn,2(r). These equations can be written
in a matrix form as( −g′n,1(R) −g′n,2(R)
g′n,1(L) g
′
n,2(L)
)(
a
(p)
n
b
(p)
n
)
= µ(p)n
(
a
(p)
n
b
(p)
n
)
.
(A28)
Solving this eigenvalue problem for the 2 × 2 matrix on
the left-hand side, one determines the eigenvalue µ
(p)
n ,
as well as one of the coefficients (e.g., a
(p)
n ). The other
coefficient (e.g., b
(p)
n ) is fixed by imposing the L2(∂Ω)-
normalization of the eigenfunction v
(p)
n .
The Wronskian (A9) yields
g′n,1(L) =
A
L
, g′n,2(R) = −
A
R
, (A29)
where
A =
1
Kn(αL)In(αR)− In(αL)Kn(αR) . (A30)
The eigenvalue µ
(p)
n is then obtained as a solution of the
quadratic equation
µ2 + µ
(
g′n,1(R)− g′n,2(L)
)
+B = 0, (A31)
where
B = −g′n,1(R)g′n,2(L) + g′n,1(L)g′n,2(R)
= −α2K
′
n(αL)I
′
n(αR)− I ′n(αL)K ′n(αR)
Kn(αL)In(αR)− In(αL)Kn(αR) . (A32)
With the help of Eq. (A29), it is easy to check that the
determinant of this equation is positive, so that there
are two real roots. Moreover, as B > 0, both roots are
positive:
µ
(p)
n,± =
1
2
(
g′n,2(L)− g′n,1(R) (A33)
±
√
(g′n,1(R) + g
′
n,2(L))
2 − 4g′n,1(L)g′n,2(R)
)
.
As a consequence, for each index n, there are two dis-
tinct eigenmodes. For each of them, the coefficients are
determined by the corresponding eigenvalue. To avoid
round-off errors in practical implementation, it is conve-
nient to use slightly different (but formally equivalent)
representation for + and − modes. In fact, we set
a
(p)
n,+ = −c(p)n,+(g′n,2(L)− µ(p)n,+), b(p)n,+ = c(p)n,+ g′n,1(L) ,
(A34)
where c
(p)
n,+ is fixed by the normalization of the eigenfunc-
tion:
1 =
∫
∂Ω
ds |v(p)n,+(s)|2
= [c
(p)
n,+]
2
(
2πR[g′n,2(L)− µ(p)n,+]2 + 2πL[g′n,1(L)]2
)
.
In turn, for the mode with µ
(p)
n,−, one can use
a
(p)
n,− = c
(p)
n,− g
′
n,2(R), b
(p)
n,− = −c(p)n,−(g′n,1(R) + µ(p)n,−) ,
(A35)
with
1 = [c
(p)
n,−]
2
(
2πR [g′n,2(R)]
2 + 2πL[g′n,1(R) + µ
(p)
n,−]
2
)
.
In the limit p→ 0, one has
g′n,1(R)→ −
|n|
R
1 + (R/L)2|n|
1− (R/L)2|n| ,
g′n,1(L)→ −
|n|
L
2(R/L)|n|
1− (R/L)2|n| ,
g′n,2(R)→
|n|
R
2(R/L)|n|
1− (R/L)2|n| ,
g′n,2(L)→
|n|
L
1 + (R/L)2|n|
1− (R/L)2|n| ,
so that
µ
(0)
n,± =
|n|
2
1 + γn
1− γn
(
1
L
+
1
R
(A36)
±
√(
1
L
+
1
R
)2
− 4(1− γn)
2
LR(1 + γn)2

 ,
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where γn = (R/L)
2|n|. In the case n = 0, one can take
the limit n→ 0 to get
µ
(0)
0,− = 0, µ
(0)
0,+ =
1/L+ 1/R
ln(L/R)
. (A37)
We also get
a
(0)
0,− = b
(0)
0,− =
1√
2π(R+ L)
,
a
(0)
0,+ =
1√
2πR(1 +R/L)
, b
(0)
0,+ =
−1√
2πL(1 + L/R)
.
Using the asymptotic behavior of the modified Bessel
functions, one can check that
lim
R→0
µ
(p)
n,− =
√
p/D
I ′n(L
√
p/D)
In(L
√
p/D)
,
lim
R→0
µ
(p)
n,+ = +∞ ,
lim
L→∞
µ
(p)
n,− = −
√
p/D
K ′n(R
√
p/D)
Kn(R
√
p/D)
,
lim
L→∞
µ
(p)
n,+ =
√
p/D ,
where we used that K ′n(z)/Kn(z) ≤ −1. In the limit
R → 0, µ(p)n,− approach the eigenvalues of Mp for the
interior of a disk of radius L, whereas µ
(p)
n,+ diverge and
thus do not contribute. The opposite limit L → ∞ is
more subtle: µ
(p)
n,+ approach the eigenvalues ofMp for the
exterior of a disk of radius R; however, µ
(p)
n,− accumulate
near
√
p/D.
Finally, the Dirichlet propagator in the Laplace do-
main is
G˜∞(x, p|x0) = 1
2πD
∞∑
n=−∞
ein(φ−φ0) gn,2(r0) (A38a)
×[Kn(αL)In(αr) − In(αL)Kn(αr)] (r0 ≤ r),
=
1
2πD
∞∑
n=−∞
ein(φ−φ0) gn,1(r0) (A38b)
×[Kn(αR)In(αr) − In(αR)Kn(αr)] (r ≤ r0),
where x = (r, φ) and x0 = (r0, φ0). The probability flux
density reads then
j˜∞(s, p|x0) = 1
2πR
∞∑
n=−∞
ein(φ−φ0) gn,1(r0) (s ∈ Γ1),
(A39a)
=
1
2πL
∞∑
n=−∞
ein(φ−φ0) gn,2(r0) (s ∈ Γ2).
(A39b)
As a consequence, one gets
V (p)n (x0) =
(
a(p)n gn,1(r0) + b
(p)
n gn,2(r0)
)
einφ0 (A40)
that gives access to the full propagator P (x, ℓ, t|x0).
6. Cylindrical domains
The above analysis can also be extended to cylindri-
cal domains. Let us first consider an infinite cylinder,
Ω = Ω0×R, where Ω0 is a disk of radius L. As the bound-
ary ∂Ω is unbounded, the spectrum of the Dirichlet-to-
Neumann operator Mp is not discrete anymore. Never-
theless, the symmetries of this domain admit the sepa-
ration of variables and allow for getting “eigenfunctions”
and “eigenvalues” in cylindrical coordinates as
vnk(φ, z) =
einφ+ikz
2π
√
L
(n ∈ Z, k ∈ R), (A41a)
µ
(p)
nk = α
I ′n(αL)
In(αL)
, α =
√
p/D + k2. (A41b)
The surface hopping propagator reads then
Σp(s, ℓ|s0) =
∞∑
n=−∞
ein(φ0−φ)
2πL
∫
R
dk
2π
eik(z0−z) e−µ
(p)
nk
ℓ,
(A42)
where s = (L, φ, z) and s0 = (L, φ0, z0) in cylindrical
coordinates. If Ω0 is a circular annulus, one has to use the
appropriate radial function gn(r), with α =
√
p/D + k2.
Other related quantities can also be obtained.
When the cylinder is finite, Ω = Ω0 × (0, b), the spec-
trum of Mp is discrete again, but the analysis is more
subtle. In fact, as in the case of a circular annulus, dif-
ferent combinations of reactivity patterns are possible:
all the boundary is reactive; only the lateral boundary
is reactive but the top and bottom disks are reflecting;
only the top disk is reactive but the remaining boundary
is reflecting; etc. When only one part of the boundary
is reactive, the analysis is rather simple. For instance, if
only the lateral boundary is reactive, the eigenfunctions
and eigenvalues are
vnk(φ, z) =
einφ√
2πL
√
2− δn,0√
b
cos(πkz/b), (A43a)
µ
(p)
nk = α
I ′n(αL)
In(αL)
, α =
√
p/D + (πk/b)2,
(A43b)
with n ∈ Z and k = 0, 1, 2, . . .. However, the analysis is
more involved when the whole boundary is reactive.
Appendix B: Spherical shell
In three dimensions, one can consider a spherical shell
between two concentric spheres of radii R < L: Ω =
{x ∈ R3 : R < |x| < L}, with three combinations of
boundary conditions. As the analysis is rather similar to
the two-dimensional setting, the results are presented in
a concise form.
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1. Reactive outer sphere
As previously, we start with the case of the Dirichlet-
to-Neumann operator Mp associated with the reactive
outer sphere Γ = {x ∈ R3 : |x| = L}. The rotational
invariance implies that the eigenfunctions ofMp are the
(normalized) spherical harmonics,
vnm(s) =
1
L
Ymn(θ, φ) (n = 0, 1, 2, . . . , |m| ≤ n).
(B1)
The eigenvalues are obtained by solving the mixed
boundary value problem (27):
µ(p)n = g
′
n(R) (n = 0, 1, 2, . . .), (B2)
where
gn(r) =
k′n(αR)in(αr) − i′n(αR)kn(αr)
k′n(αR)in(αL)− i′n(αR)kn(αL)
, (B3)
α =
√
p/D, and
in(z) =
√
π/(2z) In+1/2(z),
kn(z) =
√
2/(πz)Kn+1/2(z)
are the modified spherical Bessel functions of the first
and second kind, respectively. The eigenfunctions do not
depend on p, whereas the eigenvalues µ
(p)
n do not depend
on the second index m and are thus (2n + 1) times de-
generate. In the limit p→ 0, one gets
µ(0)n =
n(n+ 1)
L
1− (R/L)2n+1
n+ 1 + n(R/L)2n+1
. (B4)
The surface hopping propagator from Eq. (12) reads
Σp(s, ℓ|s0) = 1
L2
∞∑
n=0
n∑
m=−n
Y ∗mn(θ0, φ0)Ymn(θ, φ) e
−µ(p)n ℓ.
(B5)
Since the eigenvalues do not depend on the index m, one
can apply the addition theorem for spherical harmonics
to evaluate the sum over m:
Σp(s, ℓ|s0) = 1
4πL2
∞∑
n=0
(2n+ 1)Pn
(
(s · s0)
|s| |s0|
)
e−µ
(p)
n ℓ,
(B6)
where Pn(z) are Legendre polynomials.
One also needs to compute V
(p)
n (x0) from Eq. (19).
Using the summation formulas from [69], the Laplace-
transformed quantities G˜∞(x, p|x0) and thus j˜∞(s, p|x0)
for a spherical shell with Dirichlet boundary condition on
the outer sphere and Neumann boundary condition on
the inner sphere read
G˜∞(x, p|x0) =
∞∑
n=0
α(2n+ 1)
4πD
Pn
(
(x · x0)
|x| |x0|
)
gn(r0)
× [kn(αL)in(αr) − in(αL)kn(αr)], (B7)
j˜∞(s, p|x0) =
∞∑
n=0
2n+ 1
4πL2
Pn
(
(s · x0)
|s| |x0|
)
gn(r0), (B8)
where r = |x|, r0 = |x0|, R ≤ r0 ≤ r ≤ L, and we used
the Wronskian
i′n(z)kn(z)− k′n(z)in(z) =
1
z2
. (B9)
The projection of j˜∞(s, p|x0) onto an eigenfunction
vnm(s) from Eq. (B1) reads then
V (p)nm(x0) = vmn(θ0, φ0) gn(r0), (B10)
where x0 = (r0, θ0, φ0) in spherical coordinates. The
orthogonality of spherical harmonics reduces Eq. (23) to
U˜(ℓ, p|x0) = g0(r0) exp(−µ(p)0 ℓ), (B11)
while the probability density of the reaction time reads
H˜q(p|x0) = g0(r0) 1
1 + µ
(p)
0 /q
. (B12)
2. Interior of a ball
In the limit R → 0, the inner boundary shrinks to a
point, and one gets the solution for the interior of a ball
of radius L: Ω = {x ∈ R3 : |x| < L}, with radial
functions
gn(r) =
in(r
√
p/D)
in(L
√
p/D)
. (B13)
The eigenvalues and eigenfunctions of the Dirichlet-to-
Neumann operator are still given by Eqs. (B1, B2), and
other earlier expressions remain valid; in particular, Eqs.
(B7, B8) are applicable. At p = 0, the eigenvalues are
simply µ
(0)
n = n/L, for which Eq. (B6) can be evalu-
ated explicitly using the generating function of Legendre
polynomials:
Σ0(s, ℓ|s0) = L
4π
1− e−2ℓ/L
|e−ℓ/Ls0 − s|3 . (B14)
This expression coincides with the harmonic measure
density on the sphere when the starting point is s0e
−ℓ/L.
It can also be written in terms of the angle θ between
vectors s0 and s:
Σ0(s, ℓ|s0) = 1
4πL2
1− e−2ℓ/L
[1− 2e−ℓ/L cos θ + e−2ℓ/L]3/2 .
(B15)
Figure 5(a,b) illustrates the behavior of the surface hop-
ping propagator.
The orthogonality of spherical harmonics reduces Eq.
(21) to
U˜(ℓ, p|x0) = R
r0
sinh(r0
√
p/D)
sinh(R
√
p/D)
exp(−µ(p)0 ℓ), (B16)
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with µ
(p)
0 =
√
p/D ctanh(R
√
p/D)− 1/R. Similarly, one
has
H˜q(p|x0) = R
r0
sinh(r0
√
p/D)
sinh(R
√
p/D)
1
1 + µ
(p)
0 /q
, (B17)
from which the inverse Laplace transform yields the stan-
dard spectral expansion for Hq(t|x0).
3. Reactive inner sphere
The analysis for the reactive inner sphere is very sim-
ilar. The eigenfunctions of the Dirichlet-to-Neumann
operator associated with the inner sphere Γ = {x ∈
R
3 : |x| = R} are again the spherical harmonics but
with the prefactor 1/R for a proper normalization:
vnm(s) =
1
R
Ymn(θ, φ) (n = 0, 1, 2, . . . , |m| ≤ n).
(B18)
The eigenvalues are
µ(p)n = −g′n(R) (n = 0, 1, 2, . . .), (B19)
where
gn(r) =
k′n(αL)in(αr) − i′n(αL)kn(αr)
k′n(αL)in(αR)− i′n(αL)kn(αR)
. (B20)
In the limit p→ 0, one gets
µ(0)n =
n(n+ 1)
R
1− (R/L)2n+1
n+ (n+ 1)(R/L)2n+1
. (B21)
The expression for the surface hopping propagator is al-
most identical to Eq. (B6):
Σp(s, ℓ|s0) = 1
4πR2
∞∑
n=0
(2n+ 1)Pn
(
(s · s0)
|s| |s0|
)
e−µ
(p)
n ℓ.
(B22)
The Laplace-transformed propagator G˜∞(x, p|x0) and
thus j˜∞(s, p|x0) for a spherical shell with Dirichlet
boundary condition on the inner sphere and Neumann
boundary condition on the outer sphere read
G˜∞(x, p|x0) =
∞∑
n=0
α(2n+ 1)
4πD
Pn
(
(x · x0)
|x| |x0|
)
gn(r0)
× [kn(αR)in(αr) − in(αR)kn(αr)], (B23)
j˜∞(s, p|x0) =
∞∑
n=0
2n+ 1
4πR2
Pn
(
(s · x0)
|s| |x0|
)
gn(r0), (B24)
where r = |x|, r0 = |x0|, R ≤ r ≤ r0 ≤ L, from which
V (p)nm(x0) = vmn(θ0, φ0) gn(r0). (B25)
These quantities determine the full propagator
P (x, ℓ, t|x0).
4. Exterior of a ball
In the limit L → ∞, the outer boundary is pushed
away to infinity, and one deals with diffusion in the ex-
terior of a ball of radius R: Ω = {x ∈ R3 : |x| > R}.
The radial functions are reduced to
gn(r) =
kn(r
√
p/D)
kn(R
√
p/D)
, (B26)
while the eigenvalues and eigenfunctions of the Dirichlet-
to-Neumann operator are still given by Eqs. (B18, B19).
Interestingly, the eigenvalues are just polynomials of√
p/D, e.g., µ
(p)
0 = (1 + R
√
p/D)/R. The above ex-
pressions are as well applicable; in particular, Eqs. (B23,
B24) are valid.
At p = 0, the eigenvalues in Eq. (B21) are simplified
as µ
(0)
n = (n+1)/R, and the surface hopping propagator
can be computed explicitly as
Σ0(s, ℓ|s0) = Re
−ℓ/R
4π
1− e−2ℓ/R
|e−ℓ/Rs0 − s|3 . (B27)
If L is replaced by R, this expression coincides with Eq.
(B14), except for an extra factor e−ℓ/R that accounts for
the possibility of escaping to infinity. Figure 5(c,d) illus-
trates the behavior of the surface hopping propagator.
The orthogonality of spherical harmonics reduces Eq.
(23) to
U˜(ℓ, p|x0) = R
r0
exp
(−(r0−R+ ℓ)√p/D− ℓ/R), (B28)
from which the inverse Laplace transform yields
U(ℓ, t|x0) = Re
−ℓ/R
r0
r0 −R+ ℓ√
4πDt3
e−(r0−R+ℓ)
2/(4Dt).
(B29)
This is a rare example when the probability density
U(ℓ, t|x0) is found in a simple closed form. Setting ℓ = 0,
one retrieves the probability density of the first-passage
time for a perfectly absorbing sphere [73]. In turn, the
integral (22) yields the probability density of the first-
passage time to a partially reactive sphere [12, 70]
Hq(t|x0) = qD
r0
e−(r0−R)
2/(4Dt)
{
R√
πDt
(B30)
− (1 + qR)erfcx
(
r0 −R√
4Dt
+ (1 + qR)
√
Dt
R
)}
.
5. Both reactive spheres
Finally, the analysis for both reactive spheres is the
most involved but very similar to the planar case. For
this reason, we just reproduce the main formulas adapted
to the three-dimensional case. Here, one employs two
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families of radial functions,
gn,1(r) =
kn(αL)in(αr) − in(αL)kn(αr)
kn(αL)in(αR)− in(αL)kn(αR) ,
gn,2(r) =
kn(αR)in(αr) − in(αR)kn(αr)
kn(αR)in(αL)− in(αR)kn(αL) ,
which satisfy gn,1(R) = 1, gn,1(L) = 0 and gn,2(L) = 1,
gn,2(R) = 0. The eigenfunctions are searched in the form
v(p)nm(s) =
{
a
(p)
n Ymn(θ, φ) s ∈ Γ1,
b
(p)
n Ymn(θ, φ) s ∈ Γ2,
(B31)
where Γ1 and Γ2 are the inner and the outer spheres
forming the boundary ∂Ω. The Wronskian (B9) implies
g′n,1(L) =
A
αL2
, g′n,2(R) = −
A
αR2
, (B32)
where
A =
1
kn(αL)in(αR)− in(αL)kn(αR) . (B33)
In this case, one also has
B = −g′n,1(R)g′n,2(L) + g′n,1(L)g′n,2(R)
= −α2 k
′
n(αL)i
′
n(αR)− i′n(αL)k′n(αR)
kn(αL)in(αR)− in(αL)kn(αR) . (B34)
Using these expressions, one deduces again Eqs. (A33,
A34) for the eigenvalue µ
(p)
n,± and the coefficients a
(p)
n,±
and b
(p)
n,±. The normalization coefficient c
(p)
n,± is fixed by
normalization:
1 = [c
(p)
n,+]
2
(
4πR2[g′n,2(L)− µ(p)n,+]2 + 4πL2[g′n,1(L)]2
)
,
1 = [c
(p)
n,−]
2
(
4πR2[g′n,2(R)]
2 + 4πL2[g′n,1(R) + µ
(p)
n,−]
2
)
.
In the limit p→ 0, one gets
g′n,1(R)→ −
n+ 1 + n(R/L)2n+1
R(1− (R/L)2n+1) ,
g′n,1(L)→ −
(2n+ 1)(R/L)n+1
L(1− (R/L)2n+1) ,
g′n,2(R)→
(2n+ 1)(R/L)n
R(1− (R/L)2n+1) ,
g′n,2(L)→
n+ (n+ 1)(R/L)2n+1
L(1− (R/L)2n+1) ,
(and B → n(n+ 1)/(LR)), from which
µ
(0)
n,± =
1
2R(1− γn)
(
n(β + 1) + 1 + γn(n+ (n+ 1)β)
(B35)
±
√
(n(β + 1) + 1 + γn(n+ (n+ 1)β))2 − 4βn(n+ 1)
)
,
where β = R/L and γn = (R/L)
2n+1. We also get
µ
(0)
0,− = 0, µ
(0)
0,+ =
1+ β2
R(1− β) (B36)
and
a
(0)
0,− = b
(0)
0,− =
1√
4π(R2 + L2)
,
a
(0)
0,+ =
1
R
√
4π(1 + β2)
, b
(0)
0,+ =
−β2
R
√
4π(1 + β2)
.
In the limit L→∞, one retrieves µ(0)n,+ → (n+1)/R and
µ
(0)
n,− → 0. In turn, as R → 0, one has µ(0)n,− → n/L,
whereas µ
(0)
n,+ →∞.
Using the asymptotic behavior of the modified spheri-
cal Bessel functions, one can also check that
lim
R→0
µ
(p)
n,− =
√
p/D
i′n(L
√
p/D)
in(L
√
p/D)
,
lim
R→0
µ
(p)
n,+ =∞ ,
lim
L→∞
µ
(p)
n,+ = −
√
p/D
k′n(R
√
p/D)
kn(R
√
p/D)
,
lim
L→∞
µ
(p)
n,− =
√
p/D ,
where we used that k′n(z)/kn(z) ≤ −1. As a consequence,
in the limit R → 0, one retrieves the eigenvalues of Mp
for the interior of a ball of radius L. In turn, in the limit
L → ∞, µ(p)n,+ approach the eigenvalues for the exterior
of a ball of radius R, while µ
(p)
n,− accumulate near
√
p/D.
Finally, the Dirichlet propagator in the Laplace do-
main is
G˜∞(x, p|x0) =
∞∑
n=0
α(2n+ 1)
4πD
Pn
(
(x · x0)
|x| |x0|
)
gn,2(r0)
×[kn(αL)in(αr) − in(αL)kn(αr)] (r0 ≤ r), (B37a)
=
∞∑
n=0
α(2n+ 1)
4πD
Pn
(
(x · x0)
|x| |x0|
)
gn,1(r0)
×[kn(αR)in(αr) − in(αR)kn(αr)] (r ≤ r0), (B37b)
where x = (r, θ, φ) and x0 = (r0, θ0, φ0). The probability
flux density reads then
j˜∞(s, p|x0)
=
∞∑
n=0
2n+ 1
4πR2
Pn
(
(x · x0)
|x| |x0|
)
gn,1(r0) (s ∈ Γ1),
(B38a)
=
∞∑
n=0
2n+ 1
4πR2
Pn
(
(x · x0)
|x| |x0|
)
gn,2(r0) (s ∈ Γ2).
(B38b)
18
As a consequence, one gets
V (p)n (x0) =
(
a(p)n gn,1(r0) + b
(p)
n gn,2(r0)
)
Ymn(θ0, φ0)
(B39)
that gives access to the full propagator P (x, ℓ, t|x0).
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